Abstract. For every Lie pair (L, A) of algebroids we construct a dg-manifold structure on the
Introduction
Atiyah classes form a bridge between complex geometry and Lie theory. They were introduced by Atiyah [1] as the obstruction to the existence of a holomorphic connection on a complex manifold. Much later, it was shown by Kapranov [13] that the Atiyah class of a complex manifold X endows the shifted holomorphic tangent bundle T X [−1] with a Lie algebra structure in the derived category of coherent sheaves of O X -modules. This structure plays an important role in the construction of Rozansky-Witten invariants [13, 14] , which are parity-shifted analogues of the Chern-Simons invariants of three-manifolds. In his work on the deformation quantization of Poisson manifolds [15] , Kontsevich provides another deep link between complex geometry and Lie theory, by relating a Lie algebraic analogue of the Todd class to the Duflo-Kirillov isomorphism. The above-mentioned works of Kontsevich and Kapranov sparked a wealth of further investigation, which resulted in vast generalizations of the notion of Atiyah class [4, 6, 8, 12, 18, 22] .
The present paper intends to relate two such generalizations in the context of differential geometry. The first, due to Chen-Stiénon-Xu [6] , is concerned with Lie pairs (L, A), i.e. inclusions A ⊂ L of Lie algebroids over the same base. The Atiyah class is then an element α (L,A) in
/A, L/A)).
The second, due to Mehta-Stiénon-Xu [18] , is concerned with dg-Lie algebroids, i.e. graded Lie algebroids with a compatible homological vector field. The Atiyah class of a dg-Lie algebroid A is an element α A in H 1 (Γ(Hom(A ⊗ A, A))).
Our first main result realizes any Lie pair as a dg-Lie algebroid. The homological vector fields involved are obtained as Fedosov differentials [11, 10] . This result was independently proved by Stiénon-Xu [23] . A particularly nice family of Lie pairs arises from the so-called matched pairs of Lie algebroids [19] . Two Lie algebroids A and B over the same base form a matched pair if their (vector bundle) direct sum L = A ⊕ B is endowed with a structure of Lie algebroid in which A and B are Lie subalgebroids. Given a matched pair as above, we get a Lie pair (L, A) for which L/A ∼ = B. Example 1.2. Let us give here a few examples of matched pairs of Lie algebroids for which Fedosov-type methods have been used (see the reference for each example below), and on which we largely draw in the context of this paper.
(1) A = 0, B = T M for a manifold M (Dolgushev [10] ). (2) A = M × g, B = T M for a manifold M with a g-action (Dolgushev [10] ). (3) A = T 0,1 X, B = T 1,0 X for a complex manifold X (Calaque-Rossi [3] ). (4) A = 0, B = E for any Lie algebroid E (Calaque-Dolgushev-Halbout [2] ).
Our second main result essentially says that, at least for matched pairs, the definition of Atiyah class for dg-Lie algebroids [18] contains the definition of Atiyah class for Lie pairs [6] . 
In [4, Section 8], Calaque and Van den Bergh introduce dDG-algebras and attach
Atiyah classes to them. We show that Lie pairs and dg-Lie algebroids both naturally define dDG-algebras through their Chevalley-Eilenberg algebras, and that the corresponding Atiyah classes in the sense of [4] coincide with those of [6] and [18] 1 . In [4, Section 8.4 ], the authors compute Atiyah classes using jet bundles in the case of a matched pair A = 0, B = E for a Lie algebroid E and compute the Atiyah class of E in terms of jet bundles. It would be interesting to extend our Theorem 1.3 to their setting and to extend their results to general Lie pairs.
The paper is structured as follows. In Section 2, we recall standard facts about Lie algebroids and matched pairs of Lie algebroids, we introduce dg-manifolds and dg-Lie algebroids, and describe the Atiyah classes we will be concerned with. In Section 3, we relate Lie pairs, dg-Lie algebroids, and their Atiyah classes to dDGalgebras. In Section 4, we prove Theorem 1.1. In Section 5, we prove Theorem 1.3.
Preliminaries
In the whole paper, K is either the field of real or complex numbers, C ∞ (M ) denotes the sheaf of smooth K-valued functions on a smooth manifold M , and T K M denotes the tangent bundle T M tensored with M ×K. The sheaf of smooth sections of a vector bundle E → M is denoted by Γ(M, E), or Γ(E) when no confusion can arise. The dual of a vector bundle E is denoted by E ∨ . 
Lie algebroids and matched pairs. A Lie algebroid
A (base-preserving) morphism of Lie algebroids is a bundle map L → L ′ covering the identity M → M , commuting with the anchors of L and L ′ , and inducing a Lie
The connection is called flat if its curvature vanishes, and E is then called an L-module.
, and e ∈ Γ(E); (2) extends by derivations to the tensor algebra T (E), the symmetric algebra S(E), the symmetric algebra on the dual S(E ∨ ), the exterior algebra Λ(E), etc.; (3) when seen as a map ∇ :
When E is an L-module with flat connection ∇, the degree 1 operator 
The torsion tensor descends to a tensor T ∇ , one can associate a torsion-free connection to any connection.
We will say that a Lie algebroid L is formed from a matched pair (A, B) [19] if L is the direct sum (as a vector bundle) of two Lie subalgebroids A and B. In that case, the Lie algebroid structure on L induces an A-module structure ∇ A on B and a B-module structure ∇ B on A defined by
2.2. Differential graded manifolds. In this section, we briefly explain the notions of differential graded manifold and differential graded Lie algebroid that we will use in this paper. There exist many variants of the notion of dg-manifold. We follow [18] 3 , whose definition might differ from others [7, 16, 17, 20, 21, 24] in at least two respects: the local model for the sheaf of functions on the underlying
In addition to [18] , we refer to [16] for more details on the constructions presented in this section.
functions on a Z-graded vector space V , and V may have a non-trivial degree zero part. Two advantages of such requirements are the following. First, working with formal polynomial functions ensures that the stalks are local rings. Secondly, having degree zero formal variables allows to treat formal functions on a manifold simply as "functions" on a suitable graded manifold.
A Z-graded manifold M is a pair (M, C ∞ (M)) composed of a smooth manifold M and a sheaf C ∞ (M) of Z-graded, graded-commutative algebras over M such that there is a finite-dimensional Z-graded K-vector space V such that 
where f is a smooth map M red → N red and φ * is a morphism of sheaves of Z-graded algebras
One can show as in [9, Section 6] that, although it is not apparent, there is a canonical augmentation map
, that is compatible with all morphisms.
We will mostly consider, as in e.g. [5, Appendix A], graded manifolds coming from ordinary graded vector bundles. To an ordinary Z-graded vector bundle E = ⊕ i∈Z E i over M , we associate a graded manifold
) with augmentation given by evaluation at the zero section of E. With the obvious map on morphisms, this yields a functor E → E from the category of graded vector bundles to that of graded manifolds.
4
A dg-manifold is a Z-graded manifold M together with a homological vector field on M, i.e. a derivation Q of degree 1 of C ∞ (M) such that Q • Q = 0. A graded vector bundle of rank (k, {k i } i∈Z ) over a graded manifold M is a graded manifold E with a morphism π : E → M and an atlas of local trivializations {M i , φ i } i∈I with, for each i ∈ I, M i an open submanifold of M and 
of linear functions on E (i.e. linear in the fibers of E → M).
There is a degree-shift functor acting on the category of graded vector bundles. First, define K[−i] as the graded vector space with K in degree i and the zero vector space in all other degrees. Given a graded manifold M, define the (trivial) graded
M is the unit for the monoidal category of graded vector bundles over M with the tensor product. The
i-th shift functor [i] on the category of graded vector bundles over
There is a canonical isomorphism φ j :
with value 1 at 1.
For any graded vector bundle E, Γ i (E) = Γ i (M, E) denotes the space of degree i sections, i.e. of (degree-preserving) morphisms of graded manifolds σ :
As explained e.g. in [16, Remark 2.3] , consistent choices of isomorphisms
.
There is a non-degenerate
A linear vector field on a graded vector bundle E → M is a vector field on E which preserves the subspace C 
Linear vector fields can be shifted: any linear vector field X of degree k on E yields a linear vector field X j of degree k on E[j] defined on linear functions by
for all σ ∈ Γ(E) and ǫ ∈ C ∞ lin (E). Using shift maps, the last equation can also be read as
Since we will mostly consider that case, let us give an explicit form for the space of sections of graded vector bundles of the kind E ⊕ F → E, for two ordinary graded vector bundles E, F over the same base.
Lemma 2.1. Let E, F → M be two ordinary graded vector bundles. Then E ⊕ F is a graded vector bundle over E and we have an isomorphism
is graded by the total degree (i.e., the sum of the total degree inŜ(E ∨ ) and the degree in F ).
Proof. The degree shift functor [k] applied to the graded vector bundle
It is easily checked that these assignments are inverse of each other and satisfy all the required properties.
A graded Lie algebroid is a graded vector bundle A → M with a degree zero bundle map ρ : A → T M (the anchor) and a degree zero Lie bracket [·, ·] on Γ(A) satisfying the Leibniz rule
for all X, Y ∈ Γ(A) and f ∈ C ∞ (M). As in the non-graded case, a graded Lie algebroid structure on a graded vector bundle A → M induces [16, Theorem 4.6] a (quadratic in the fiber coordinates) homological vector field d A on A [1] . Locally, this vector field takes the form
i is a set of local coordinates on M, X α is a frame of local sections of A with degree |X α |, λ α are the degree-shifted fiber coordinates dual to X α (with 
For a graded Lie algebroid L → M and a graded vector bundle
for all l ∈ Γ(L), e ∈ Γ(E), and f ∈ C ∞ (M).
Atiyah classes.
In this section, we introduce the two notions of Atiyah class that we intend to relate in Section 5 in the case of matched pairs of Lie algebroids. The first is the Atiyah class of an A-module relative to a Lie pair [6] and the second is the Atiyah class of a dg-vector bundle relative to a dg-Lie algebroid [18] .
2.3.1. Lie pairs. Let (L, A) be a Lie pair, and E an A-module. Let ∇ be any Lconnection on E extending the A-action, i.e. such that ∇ a e coincides with the A-action a · e for all a ∈ Γ(A) and e ∈ Γ(E). Let R ∇ : L ∧ L → End E be the curvature of ∇, and define a map At
, and e ∈ Γ(E).
Proposition 2.4 ([6]). (1) The map At ∇ is well-defined and is a 1-cocycle for the A-cohomology with values in the
A-module Hom(L/A ⊗ E, E). (2) The cohomology class α (L,A),E of At ∇ in H 1 (A, Hom(L/A ⊗ E,
E)) is independent of the choice of the connection ∇ extending the A-action. It is called the Atiyah class of the A-module E relative to the Lie pair (L, A).
Definition 2.5. The Atiyah class α (L,A) of a Lie pair (L, A) is α (L,A),L/A .
dg-Lie algebroids.
Let (A, Q A ) be a dg-Lie algebroid and (E, Q E ) a dg-vector bundle over the same base. Let ∇ be an A-connection on E. Define a map At ∇ :
for all a ∈ Γ(A) and e ∈ Γ(E).
Proposition 2.6 ([18]).
(1) At ∇ can be regarded as a degree 1 section of Hom(A⊗ E, E). 
Relation to dDG-algebras
In this section, we show how the notions of Atiyah class for Lie pairs and for dg-Lie-algebroids (see Section 2.3) relate to the Atiyah class of dDG-algebras of [4, Section 8] . For completeness, we recall from op. cit. the definitions of dDG-algebras, dDG-modules and the corresponding "curvatures", or Atiyah cocycles.
A (bigraded) DG-algebra on a manifold M is a bigraded sheaf of algebras a on M equipped with a derivationd a of bidegree (1, 0) such thatd Since E is an A-module, End(E) is also an A-module. Consider the DG-a-module isomorphism
. We now show that its image by µ is R m . 
Proof. Let a ∈ Γ(A), b ∈ Γ(B), e ∈ Γ(E). Recall that the Atiyah cocycle is
dg-Lie algebroids. Let
Consider the polynomial functions a = Γ(S(
. There is a grading on a induced by the one on functions on A [1] . This grading comes from a bigrading determined by the manifold degree of the dg-manifold A and the polynomial degree of the bundle S(A [1] ∨ ). By construction, (Q A ) 1 is of bidegree
Let E → M be a dg-vector bundle and set m = a ⊗ Γ(E). The latter is an a-module and has a bigrading inherited from the one of A and by declaring Γ(E) to lie in degrees (•, 0). Moreover, m has a differential Q m of bidegree (1, 0) defined by
where Q Γ(E) is defined in (3). Hence, m is a DG-module over a. Let ∇ be an A-connection on E and denote by d A,E its extension to A-forms. Since for all a ∈ a and m ∈ m,
A,E defines a connection on the DG-a-module m.
The curvature of the DG-a-module m is
Recall from (6) the Atiyah cocycle At ∇ of the dg-vector bundle E relative to the dg-Lie algebroid A.
As in the previous section, there is a DG-a-module isomorphism
defined by µ(x)| Γ(E) = x for all x ∈ a ⊗ Γ(End(E)). The Atiyah cocycle At ∇ of E is an element of degree (1, 1) in a ⊗ Γ(End(E)). We now show that its image by µ is R m .
Proposition 3.2. The curvature of m is the only DG-a-module map from m to
for all X ∈ Γ(A) and e ∈ Γ(E). Consequently, µ sends α A,E to α m in cohomology.
Proof. Using formula (4), we get
dg-Lie algebroids from Lie pairs
In this section, we prove our first main result, Theorem 1.1. The techniques used in this section and the next one closely follow Dolgushev's paper [10] and the subsequent works [2] , [3, Section 10].
4.1. Setup. Let (L, A) be a Lie pair, and let φ : L/A → L be a splitting of the short exact sequence of vector bundles
Denote by B the image of φ in L.
The inclusion i : A → L induces an inclusion of graded vector bundles
, where the second map is the inclusion as the first component. Applying the functor (2) from graded vector bundles to graded manifolds, we get an inclusion of graded manifolds
Using the splitting φ, we may identify
Hence, we have a projection of graded manifolds
over the identity from M to M .
Let us define 
). An easy check shows that δ is defined globally and that δ • δ = 0.
As in [11, 10, 2] , there is a homotopy κ :
) and sending, for each q ≥ 1 and r ≥ 0, Γ(Λ
Remark 4.1. To shorten the notation, let us write for any vector bundle F on M
and B =Ŝ(B ∨ ) ⊗ Hom (B ⊗ B, B) , B, B) ,
B).
So, for example, depending on the context we will use the following notation for the space of functions on M,
this space being isomorphic to the space
We now extend the definitions of δ and κ to some vector bundles over M. Specifically, consider the graded vector bundle 
The operator δ then extends to Γ(D) by the Lie derivative,
We consider a second bundle obtained from D, the bundle Hom(D ⊗D, D) of graded vector bundle homomorphisms from D ⊗ D to D, whose sections are B, B) ).
Since Γ(D) is generated by Γ(B) as a C ∞ (M)-module, we may extend κ to Γ(D) by We have graded vector bundles
, and Γ(Hom (D ⊗ D, D) ), respectively) and 
and we have the following lemma.
Lemma 4.2. The map κ, together with π
Proof. Straightforward computations.
Corollary 4.3. For all p ∈ N, the map
is a quasi-isomorphism, i.e. 
where ρ j i are the components of the anchor map, and C k ij are the structure functions of L.
The torsion tensor (1) is
for i an A-index, and j, k B-indices. The curvature tensor is
mk . An easy computation shows that
Its torsion and curvature tensors T ∨ and R ∨ have coordinates −T k ij and −R l ijk . So, for the record, we note
Moreover, its extension
Proof. The first item is a direct computation. The second item also follows from a direct computation using the coordinate expressions above. The third item is the usual first Bianchi identity. The last item follows from the second one and the identity ∇ 2 = R ∨ .
Fedosov differential.
In this section, we build the homological vector field on the graded manifold M as a Fedosov differential, and use it to put a dg-Lie algebroid structure on the graded vector bundle D defined in (9) . All spaces of sections that contain tensor products with sections ofŜ(B ∨ ) are naturally graded by the polynomial degree of the tensor product. We will call it the b-degree. By construction, κ raises the b-degree by one.
The next lemma, or its idea, is key to many of the proofs here and in all previous papers using Fedosov techniques, starting with [11] . Applying κ, and using the assumptions κ(s) = 0, ι * (s) = 0, and the homotopy formula, one gets s = κ(D ≥0 (s)). By iteration, this implies s = 0 since κ raises the b-degree and D ≥0 does not decrease it.
Lemma 4.5 (The Fedosov trick). Let
D = −δ + D ≥0 be a derivation of Γ(Λ(L ∨ ) ⊗ S(B ∨ )) with D ≥0 not decreasing the b-degree. Let s be a section of Λ(L ∨ )⊗Ŝ(B ∨ )⊗ FTheorem 4.6. Let ∇ L be a torsion-free L-connection on B extending the A-action.
There is a unique vector field
Proof. Let X = k≥2 X k be a vector field with 
Here, we used the fact that δ(∇ L ) = 0 and the identity (∇ L ) 2 = R ∨ (see Lemma 4.4) . Assume that C = 0. Applying κ to C = 0 and using κ(X) = 0, ι * (X) = 0 and the homotopy formula (Lemma 4.2 (3)), we get the equation
. Indeed, by definition the map κ raises the b-degree so, starting with the term
, one may then determine the higher order terms by iteration. With this solution X, let us show that C = 0. By definition of X, we have κ(C) = 0. Moreover, for b-degree reasons, we have ι * (C) = 0. Finally, using items two and three of Lemma 4.4 and the graded Jacobi identity, we compute that 
is a morphism of complexes. This will imply that ι = (id M , ι * ) is a morphism of dgmanifolds. Since ι * is a morphism of algebras, we only need to check the property on generators. In local coordinates (8), we have
. Similar calculations show that p is also a morphism of dg-manifolds.
The next lemma also follows from the fact that the projection p is a morphism of dg-manifolds. 
sending, in cohomology, the Atiyah class α D to the Atiyah class α (L,A) .
Quasi-isomorphisms
In this section, we prove our second main result, Theorem 1.3. For Sections 5.1 and 5.2, we adapt the techniques of [3, Section 10] , in which they treat the case of the matched pair T 1,0 X ⊕ T 0,1 X for X a complex manifold.
Matched pairs.
Keeping the setting of Section 4, assume now that L comes from a matched pair (A, B) . In this case, the splitting L/A → L is canonical. Since A and B are both Lie subalgebroids, the degree 1 operator 
With these decompositions, we have
with, for all p, q ≥ 0,
, and
Fedosov resolution.
The goal of this section is to prove that there is a resolution
by the complexes △ Since we will use the projection π * • ι * many times, let us set
Lemma 5.2. The map
is a morphism of complexes.
Proof. Since D B raises the B-form degree, we have ι
Since [X A , ·] raises the b-degree, we get
The next few results will be devoted to building an explicit quasi-inverse to the map ι * in (16).
Proposition 5.3. The inclusion map
Proof. Consider the double complex
The right-hand side of (17) 
. Applying δ to (18) and using the homotopy formula gives
, we see that D B (h) = 0, κ(h) = 0, and ι * (h) = 0. Lemma 4.5 then shows that h = 0.
We just proved that the
Let us now consider the spectral sequence associated to the total complex C
• and the filtration
• is concentrated in degree 0, the spectral sequence stabilizes at the second page, and the cohomology of the total complex C
• is
Proposition 5.4. The formula
defines an isomorphism of graded vector spaces
Proof. Let a ∈ Ω •,0 (B) ∩ ker(δ). We need to show first that the recursion relation (19) actually defines a unique element µ(a) and then that D B (µ(a)) = 0.
As before, observe that κ raises the b-degree and the operator
Consequently, equation (19) has for each a a unique solution µ(a) such that (20) σ(µ(a)) = a.
Let us show that D B (µ(a)) = 0. Notice that κ vanishes on the image of µ. Using the definition of µ and the homotopy formula one has that Let us show that µ is an isomorphism. Since µ has left-inverse σ (see (20) ), it is injective. To prove that µ is surjective, observe that for
Proposition 5.5. The map µ is an isomorphism of complexes
) by applying Lemma 4.5 to their difference.
For B-form degree reasons, κ vanishes on both elements. By definition of µ, We can now turn to the proof of our second main theorem.
Proof of Theorem 1.3. The fact that ι * is a quasi-isomorphism was proved in Proposition 5. where ev denotes the evaluation.
Let ∇ be a D-connection on D. Recall the definitions of the Atiyah cocycles from (5) and (6) . We are going to check that where X, Y ∈ Γ(D) and f ∈ C ∞ (M), and the fact that sections of D only act on theŜ(B ∨ ) part of f (remember that D is a subalgebroid of T M, so its anchor map is the inclusion). As a result, we get
for some S given by Lemma 5.7. Let us finally turn to the elements involving X. Recall that X = k≥2 X k with X k ∈ Ω 
Hence, using Lemma 4.4 (1), we get
Putting everything together, we have obtained (22) .
